We introduce the notion of compactly locally reflexive Banach spaces and show that a Banach space X is compactly locally reflexive if and only if K(Y, X * * )⊆K(Y, X ) * * for all reflexive Banach spaces Y . We show that X * has the approximation property if and only if X has the approximation property and is compactly locally reflexive. The weak metric approximation property was recently introduced by Lima and Oja. We study two natural weak compact versions of this property. If X is compactly locally reflexive then these two properties coincide. We also show how these properties are related to the compact approximation property and the compact approximation property with conjugate operators for dual spaces.
Introduction
Let X and Y be Banach spaces. We denote by L(Y, X ) the Banach space of all bounded linear operators from Y to X, and F (Y, X ), K(Y, X ), and W(Y, X ) denote the subspaces of finite-rank, compact, and weakly compact operators respectively.
Recall that a Banach space X is said to have the approximation property (AP) if there exists a net (S α )⊂F(X, X ) such that S α !I X uniformly on compact sets in X. If (S α ) can be chosen with sup α S α ≤1, then X is said to have the metric AP (MAP). The weaker properties compact AP (CAP) and metric CAP (MCAP) are defined similarly but with the net (S α )⊂K(X, X ). The dual space X * has the CAP with conjugate operators (CAPconj) if there is a net (S α )⊂K(X, X ) such that S and X is compactly locally reflexive, so we have a plentiful supply of spaces which are compactly locally reflexive.
In Sections 4 and 5 we introduce and study the weak MCAP and its (not just formally, see Remark 5.1) weaker cousin the very weak MCAP. Characterizations of these properties similar to what can be found for the weak MAP in [20] and [23] are proved. In particular, we show how these properties are related to the existence of certain approximable Hahn-Banach extension operators in H B(X, X * * ) (see Theorems 4.3 and 5.3). These characterizations are similar to the one given by Grothendieck for the AP.
We also relate our new approximation properties to the classical ones. In Theorem 4.9 we prove that X * has the CAPconj property if and only if X has the weak MCAP in every equivalent renorming and in Theorem 5.6 we show that X * has the CAP if and only if X has the very weak MCAP in every equivalent renorming.
We conclude the paper with a section on open problems where we also try to give an overview over the connection between the results in the previous sections.
One of our main tools will be the isometric version of the famous Davis-FigielJohnson-Pe lczyński factorization lemma [2] due to Lima, Nygaard, and Oja [15] . In this paper, it will be called the factorization lemma. If K is a closed absolutely convex subset of the unit ball B X of a Banach space X, we shall write
where Z is the Banach space constructed from K in the factorization lemma and J : Z !X is the norm-one identity embedding of Z into X (see [15, Lemma 1.1] ).
We will also repeatedly be using the following results (FS) by Feder and Saphar [5, Theorem 1] and (GS) by Godefroy and Saphar [7, Proposition 1.1] which we cite for easy reference. (f)⇒(g). Note that a Banach space is always an ideal in its bidual space. Since (f) is true for all equivalent renormings of X, (g) follows from (f) for Y reflexive. To show that this implies (g) for all Banach spaces Y , we use the local characterization of ideals and the factorization lemma. (See Theorem 3.1 in [15] for details.) (g)⇒(a). This follows from [22, Theorem 4.4] .
Remark 2.1. From Proposition 2.2 (g) it is immediate that if X is CLR then every equivalent renorming of X is CLR.
We do not know whether or not all ideals in X are CLR whenever X is, but let us prove the converse. 
and thus, by assumption,
Corollary 2.4. Let X be a Banach space. Assume that X has the AP and is CLR. Then every ideal in X is CLR.
Proof. Let Z ⊆X be an ideal with ψ∈H B(Z, X ) and let Y be a reflexive Banach space.
Assume that v∈Z 
(c) For every ϕ∈H B(X, X * * ) and every Banach space Y , there exists an isometric embedding U :
From this it follows that {ϕ 
Proof. 
Choose an ε-net
We may assume that y Thus we get
for all T ∈H and u∈G.
We obtain an isometric embedding U :
e.g. [10] or [3, Theorem 8.10 
]). (f)⇒(a). Let Y be reflexive and let u∈X
. This shows that the trace mapping is isometric.
K(X, Y ) as a subspace of W(X, Y )
In this section we shall look at the space 
(e) There exists ϕ∈H B(X, X * * ) such that for every Banach space Y and every (
(f) For every Banach space Y and every T ∈W(X, Y ), there exists a net
(a)⇒(f). Let Y be a Banach space and let T ∈W(X, Y ). By factorizing T through a reflexive Banach space (using the factorization lemma), we may assume that Y is reflexive. Since V is isometric, there exists
Then S α !T in the weak operator topology. By taking a new net from conv(S α ), we may assume that S α !T in the strong operator topology.
(f)⇒(c) is similar to the proof of (e)⇒(f) in Proposition 2.9 but we use Corollary 2.4 from [15] instead of Theorem 2.3 from [15] .
(c)⇒(a). We have
. From this we get (a).
(c)⇒(d). Consider the collection of weakly compact subsets of the dual unit ball. Let K = {K ⊂ B X * : K is absolutely convex and weakly compact} and let F X * denote the set of finite-dimensional subspaces of X * . Define an index set I =F X * ×K. I becomes a directed set with the order (F, K )≤( F , K) if F ⊂ F and K ⊂ K. Let U be an ultrafilter on I which refines the order filter on I.
For . We see that ϕ is linear with norm less than one. By (3.1), ϕ is a Hahn-Banach extension operator.
Let Y be a reflexive Banach space and let T ∈W(X, Y ). We may assume that T =1. We need to show that
and so 
For a finite-dimensional subspace F ⊂X * let X F be an equivalent renorming of X which is 1+1/dim F close to the original norm and such that the norm on X * F is locally uniformly rotund on F (cf. [24, Lemma 2.4] We cannot be sure that the map T !S in (d ) is linear, so let us prove that we may assume it is.
Let H ⊂W(X, Y ) be a finite-dimensional subspace. We now use the factorization lemma to produce a reflexive Banach space Z and a norm-one operator J ∈W(X, Z) such that for every T ∈H there is an operator T H ∈W(Z, Y ) with
Let (J α )⊂K(X, Z) be a net such that sup α J α ≤1 and J α !J H weak * . Since H has finite dimension, we may assume that ω 
Now it only remains to use Lindenstrauss' compactness argument to prove the existence of the operator U : 
Weak MCAP
In this section we will study a natural compact companion to the weak MAP introduced and studied by Lima and Oja in [20] . 
Proof. The proof is similar to the proof of Theorem 2.4 in [20] .
Recall from the introduction that a separable subspace Y of a Banach space X such that H B(Y, X ) =∅ is called a separable ideal.
It is well-known, and not difficult to show, that a Banach space X has the (M)AP if and only if every separable ideal in X has the (M)AP (cf. [ 
Since Z has the weak MCAP we use (d) from Theorem 4.1 and get
Using (d) in Theorem 4.1 again we see that X has the weak MCAP.
Similarly it is not difficult to show that X has the CAP (resp. MCAP) if every separable ideal in X has the CAP (resp. MCAP). If X is CLR the converse is true for the CAP, MCAP, and weak MCAP. The converse is open in general.
Next we have several equivalent formulations of the weak MCAP similar to the characterizations of the weak MAP in Theorem 2.6 and Proposition 3.1 in [23] . Characterizing the weak MCAP in terms of ideals of operators is not as simple as for the weak MAP. A similar contrast can be found between characterizing the AP [15] and the CAP [25] . 
(c) For every Banach space Y and every operator T ∈W(Y, X * * ), 
is an ideal in F=span(E, {T }). (d) For every separable reflexive Banach space Y and operator T ∈K(Y,
Define E={S * * T :S ∈K(X, X )}. Let v∈E * and ε>0. As E⊆K(Y, X ), by (FS) in Theorem 1.1, v has a representation v=
Φ is well defined. 
Let K =T (B Y )⊂B X * * . Next we use the factorization lemma on the weakly compact set K, [Z, J]=DFJP(K ). Z is reflexive and we get a factorization T =J ¤ T .
By (c),
be the extension operator. By Theorem 2.3 in [17] there is a ϕ∈ H B(X, X * * ) such that
. This is similar to the proof of (c)⇒(e).
and Z is separable and reflexive. Choose z n ∈B Z such that J(z n )=x * * n for all n. Then v= ∞ n=1 x * n ⊗z n ∈E * , where E is defined as in (f), and
for all S ∈K(X, X ) so that by (f) there exists a ϕ∈H B(X, X * * ) with
as desired.
From Theorem 4.3 (b) and [25] the following corollary is immediate. in [25] .
Recall that a Banach space X is said to have the unique extension property if the only operator T ∈L(X * * , X * * ) such that T ≤1 and T | X =I X is T =I X * * . This is equivalent to H B(X, X * * ) consisting of a single element: the canonical embedding k X * : X * !X * * * . In the presence of the Radon-Nikodým property for the first or second dual the weak MCAP is no longer weak. The same is also true for the weak MAP as proved by Oja in [28] . Proof. Let ϕ∈H B(X, X * * ) be as in Theorem 4.3 (b) . From (GS) in Theorem 1.1 we have ϕ * | X * * ∈K(X, X ) * * and thus by Goldstine's theorem and (FS) in Theorem 1.1 there is a net (S α )⊆K(X, X ) with sup α S α ≤1 such that S α !ϕ * | X * * in the weak * topology in L(X * * , X * * ), and in particular S α !I X uniformly on compact sets in X.
132Åsvald Lima and Vegard Lima
As the CAP comes in two flavors for dual spaces we could expect the same to be the case for the weak MCAP. We are tempted to state the following definition. This statement is equivalent to the CAPconj as shown in [25, Theorem 3.6] . We saw in Section 2 that compact local reflexivity provided a link between CAP and CAPconj for dual spaces. The same proposition also gives us a link between the weak MCAP and "weak MCAPconj" (CAPconj) for dual spaces. Indeed, if the dual of a Banach space has the weak MCAP then in particular it has the CAP. Proposition 2.6 gives us the following result. 
Very weak MCAP
We saw in Section 4 how the weak MCAP was connected to the CAPconj for the dual. When the dual X * of a Banach space X has the CAP but not the CAPconj then we cannot replace the approximating operators in K(X * , X * ) with conjugates of operators in K(X, X ). The space K(X * , X * ) is isometrically isomorphic to the space K(X, X * * ). It is the latter viewpoint we take when introducing the following approximation property which we will later connect to the CAP for the dual. 
In the above definition we do not use uniform convergence on compact sets simply because K(X, X * * ) is not a subspace of L(X, X ). In this case it is more natural to regard K(X, X * * ) as a subspace of (X * ⊗ π X ) * =L(X, X * * ). First we prove a theorem similar to Theorem 4.1 which shows that it is enough to consider reflexive spaces and compact operators only in the definition of the very weak MCAP. 
Proof. where τ is the topology of uniform convergence on compact sets in X (see [26] for the representation of the dual of (L(X, Y ), τ)). Thus we can find a net (S α )⊂ K(X, X * * ) with sup α T * * S α ≤ T such that T * * S α !T in the τ -topology. But then T * * S α !T in the weak operator topology and by taking convex combinations, if necessary, we may assume that we have convergence in the strong operator topology. But there is a renorming X 1 of X such that X 1 does not have the weak MCAP. Thus we cannot obtain the norm bound on the net (T T β ).
